We identify the effective theory appropriate to the propagation of massless bulk fields in braneworld scenarios, to show that the dominant low-energy effect of asymmetric warping in the bulk is to modify the dispersion relation of the effective 4-dimensional modes. We show how such changes to the graviton dispersion relation may be bounded through the effects they imply, through loops, for the propagation of standard model particles. We compute these bounds and show that they provide, in some cases, the strongest constraints on nonstandard gravitational dispersions. The bounds obtained in this way are the strongest for the fewest extra dimensions and when the extradimensional Planck mass is the smallest. Although the best bounds come for warped 5-D scenarios, for which M5 is O(TeV), even in 4 dimensions the graviton loop can lead to a bound on the graviton speed which is comparable with other constraints.
I. INTRODUCTION
Although physics in more than the traditional four dimensions has been long speculated to be important for describing phenomena at energies above the electroweak scale, the idea is presently enjoying additional scrutiny because of two more recent developments.
First came the understanding of the strong-coupling limit of string theory in terms of 11-dimensional supergravity interacting on spaces with boundaries [1] . Together with the realization that observable particles can be trapped on these boundaries, or on D-branes, this understanding freed the string scale from the Planck mass, allowing it to be as low as the weak scale [2] or at intermediate or grand-unified scales [3] . Such low string scales allow extra dimensions to be comparatively large, and so (potentially) to have much richer implications at experimentally accessible energies.
Second came the observation that even very small extra dimensions might also have interesting low-energy implications if their geometries are 'warped' [4, 5] . In this framework, the four-dimensional metric has a nontrivial dependence on position in the extra dimensions, allowing four-dimensional properties like masses and couplings to depend in an interesting way on an observer's position within the extra dimensions.
Although not required by either approach, the broader class of geometries which are allowed once observable particles are confined to a brane includes many configurations which violate Lorentz invariance within the observable four dimensions by picking out a preferred frame [6, 7] , such as by having gravitating objects displaced from our brane in the extra dimensions. For example, within the warped framework one can have a 5D line element of the form
where t, x are 4 dimensional time and space, r is the extra dimension, α(r) = r 2 /l 2 and ∆(r) = −µ/r 2 + Q 2 /r 4 . If µ = Q = 0 this is anti-de Sitter space with curvature radius l, and there is no Lorentz violation. But if µ = 0, it is the AdS-Reissner-Nördstrom metric with a singularity at r = 0 and a speed of light which varies with r as c 2 (r) = 1 + ∆ α . There is a preferred frame with 4-velocity u µ = (1, 0, 0, 0) in these coordinates. In this example, the preferred frame is not due to visible matter, but rather the presence of a "black brane" at r = 0 which is displaced from our brane in the extra dimension. A priori its effects need not be small, and could cause observable phenomena.
Very strong limits exist on the size of various Lorentzviolating effects involving ordinary particles [8, 9] , so one expects these to provide the most stringent tests of any Lorentz-violation effects predicted in the brane-world scenario. Although this expectation is borne out, the surprise in these scenarios is always the comparative difficulty of finding good constraints in the event that the only known particle living in the bulk is the graviton, since so little is directly known about the graviton's properties. Some comparatively weak limits do exist, coming from Parameterized Post-Newtonian tests of General Relativity within the solar system [10, 11] , and from its success in describing the energy loss of the binary pulsar, 1913+16 [11] [12] [13] .
Much stronger limits on changes to the graviton dispersion relation may also be obtained if they permit highenergy particles toČerenkov radiate gravitons. In this case bounds may be obtained from our observation of very high energy particles in cosmic rays. Assuming these cosmic rays to be protons -as the best evidence indicates [14] -the constraint (c p − c g )/c p < 10 −15 was obtained in this way [15] , strongly restricting the case where the graviton velocity, c g , is smaller than that of the proton, c p . Our purpose in this paper is to provide a complementary constraint for the case where protons cannot radiate gravitons, and so the above bound does not apply. We obtain our constraint by computing some of the Lorentzviolating effects which are implied for fermions and photons by radiative corrections involving gravitons. Because the bounds on such corrections for electrons and photons are extremely good, we are able to infer reasonably strong bounds on Lorentz violation in the graviton sector.
We find two kinds of effects, each of which depends on physics at different scales. We find the one-loop gravitoninduced contributions to particle phase velocities to be highly suppressed by the mass of the particle involved. This sensitivity is stronger the higher the number of dimensions the graviton sees. The photon and electron are particularly insensitive to this kind of correction. Because they are so mass-dependent, the largest contributions to light particles are often due to higher-loop graphs within which a one-loop graviton-induced modification to the propagation of a heavy particle (like a W boson or top quark) is inserted. This makes predictions sensitive to the ultraviolet structure of the theory.
Graviton loops also change light-particle dispersion relations by introducing contributions which involve higher powers of the particle momentum. We compute these and find that they can be generically less ultraviolet sensitive than are changes to particle phase velocities. Interestingly, the low-energy contributions of this form (i.e. the contributions due to the massless 4D graviton) are already large enough to provide interesting bounds.
We organize our presentation as follows. In the next section we discuss in general terms how Lorentz-violating effects enter into the low-energy 4D theory at energies well below the compactification scale. This is the regime of interest for experiments, and is not the regime in which one can consider bulk particles to be moving on ballistic trajectories through the extra dimensions. Then in section III we discuss the fermion and photon self energies in general, to identify which features are required in order to make comparison with experiments. Section IV follows with the calculation of the graviton loop, and the derivation of the induced Lorentz violation amongst visible brane-based particles. Given the mass dependence of the results of Section IV, Section V gives conservative estimates as to the size which might be expected for photons, electrons and protons. Section VI describes the bounds on Lorentz violation for these particles, and computes the bound which may be inferred indirectly on the strength of Lorentz violation in the gravity sector. Our conclusions are summarized in section VI, and some of the cumbersome intermediate results are gathered into two appendices.
II. THE 4D EFFECTIVE PICTURE
In the brane-world picture photons and electrons usually are constrained to move on our four-dimensional brane, while gravitons are free to explore the higherdimensional bulk surrounding space. It is intuitive in this kind of picture that brane and bulk particles might propagate differently, since bulk particles might be free to take 'shortcuts' through the extra dimensions which are forbidden to brane-bound particles [16] . This possibility has been proposed to be, in some instances, a virtue in that it may provide a novel way to address some cosmological problems [7, 17] .
Although this kind of ballistic picture is appealingly intuitive, it is not really appropriate for the low energies at which tests of the dispersion relation actually take place. Experimental tests only involve the one graviton which we see in 4 dimensions, and so only involve the very lowest Kaluza-Klein (KK) state. By contrast, assigning the graviton localized trajectories in the extra dimensions presupposes a localized wave packet in these dimensions, which cannot be constructed purely from the lowest-energy mode.
We briefly detour in this section to describe how extra-dimensional Lorentz-violation appears in the lowenergy effective Lagrangian which describes the lowest KK mode. Although we start by using the simplest example of a scalar field, the conclusions we draw will be shown to be equally valid for higher spin fields.
A. A Scalar Field
Consider, therefore, a bulk scalar field, Φ(x, y), where x µ labels the 4 dimensions parallel to the brane, and y m labels the n various transverse dimensions. The fourdimensional field content is obtained by resolving Φ into a basis of modes in the extra dimensions:
where the basis functions, u k (y), are eigenfunctions of the appropriate kinetic/mass operator:
The kinetic 4D action for the KK modes, ϕ k (x), is obtained by inserting the mode expansion into the higherdimensional action and integrating the result over the extra dimensions. Using an assumed form for the extradimensional background metric:
one finds in this way:
where G = det G MN , etc., and the effective four dimensional metric governing the kinetic terms is
The main point is that the metrics (plural since there is a different metric for each choice of the indices k, l) defined by eq. (5) differ, in general, from the induced metric on the brane, γ µν , which appears in the kinetic term for fields which are trapped on a brane. For instance, for a brane defined by the surface y = y 0 the induced metric is simply γ µν = g µν (x, y 0 ). This is ultimately the source of Lorentz-violating effects due to the bulk metric.
If we focus purely on the massless four-dimensional mode, which we label by k = 0, then we must integrate out the other, more massive, KK modes. The kinetic term for the massless field, ϕ = ϕ 0 (x), contains the metric G µν = G µν 00 which may differ from the induced metric on the brane, γ µν . In the rest of this paper we will focus on the implications of this difference.
Two limits of the metric G µν bear highlighting. First, in the absence of warping of the bulk metric (i.e., if g µν (x) is independent of y) eq. (5) becomes:
where the second line uses the orthonormality condition of the basis modes, u k (y). In this case bulk and brane modes see the same metric, for branes defined by surfaces y = y 0 . Second, in the absence of a preferred frame in the bulk metric (such as the AdS metric used by Randall and Sundrum) the metrics G µν and γ µν must be conformal to one another (i.e., G µν (x) = f (x) γ µν (x)), since Lorentz invariance implies they must both locally be proportional to the Minkowski space metric η µν .
B. The 4D Graviton
A similar story gives the influence of Lorentz-violating effects on the propagation of low-energy gravitons within the effective theory below the compactification scale (or the AdS curvature scale, in the case of RS-II-like models without compactification [5] ), although the details are a bit more complicated due to gauge invariance. Our purpose here is to identify the leading contributions of Lorentz violations in the higher-energy theory to graviton propagation in the low-energy 4D theory, and to show that they always may be cast in terms of an appropriate shift of the background metric. * We assume: (i) our interest is in energies very low compared to the compactification scale, allowing a treatment in terms of the low-energy 4D effective theory; (ii) there is only a single massless spin-2 graviton mode in this effective theory, and (iii) that the dominant effect of the higher-dimensional theory is to break Lorentz invariance but not translation invariance or rotational invariance (in the preferred frame). Under these circumstances the 4D effective theory involves an effective 4D metric field coupled to an order parameter, u µ , which defines the preferred frame. The assumptions of unbroken rotational invariance imply u µ is timelike, and we rescale it so that it is normalized, satisfying g µν u µ u ν = −1. On grounds of general covariance, the 4D effective theory with the fewest derivatives has the form:
for some dimensionless constant a. 2 , where Λ is the scale associated with the Lorentz-violating effects at higher energies. Clearly a is naturally very small to the extent that Λ is much smaller than the 4D Planck scale.
The main point now follows. The second term of eq. (7) may be completely absorbed by performing the following field redefinition:
After having performed this redefinition (and a constant rescaling of the metric), graviton fluctuations about flat space are described performing the expansion g µν (x) = G µν + 2κ 4 h µν (x), in eq. (7), using
where η µν = diag(−1, 1, 1, 1) is the usual Minkowski metric, u µ = η µν u ν , and δc 2 g is a small quantity which we shall see has the interpretation as a change in the maximum propagation speed, c g , of the graviton. The field * We thank M. Pospelov for helpful conversations on this point.
† Our metric is 'mostly plus', and we follow Weinberg's curvature conventions [18] . Momentum 4-vectors are upper case (P ), the spatial vector is boldface (p), the magnitude of the spatial piece is lowercase (p).
h µν here is the canonically-normalized field describing graviton propagation.
Just as was the case for the scalar field, the leading effect of higher-energy Lorentz violation is in this way seen to be a modification of the background metric through which the graviton propagates.
As a concrete illustration of this general argument, we can compute the effective 4-D gravitational metric corresponding to eq. (1), treating the Lorentz-violating term as a perturbation. The 4D effective gravitational action can be obtained by expanding the 5D action S to linear order in δg µν = (−µ/r 2 + Q 2 /r 4 )u µ u ν , and integrating over the extra dimension. If we write
(the correction ∆(r) in g rr can be neglected to leading
The upper limit of integration corresponds to the position of one brane, and the lower limit might be that of another brane, or else the position of an event horizon where α(r 1 ) + ∆(r 1 ) = 0, if there is only a single brane.
Comparing to the preceding discussion, we see that the graviton sees a metric of the form (9), with
Interestingly, the sign of δc 2 g can be positive or negative, depending on the relative sizes of black brane mass and charge.
C. Physical Implications
The physical significance of the metric, G µν , appearing in the kinetic term of a field within the effective theory, is most easily seen by working within the geometrical-optics approximation. Within this approximation, the propagating field is written in the form
, with A(x) assumed to be much more slowly-varying than is the phase, P µ x µ . With this ‡ For a warped metric of the form ds
2 , the reduction of the gravitational action from 5D to
where R is the Ricci scalar constructed from the 4D part of the metric, gµν.
or equivalently the normal vectors, P µ , of the surfaces of constant phase are timelike (or null, if m = 0) vectors of the metric G µν . If the (four-dimensional) wavelength of the mode is much smaller than the (four-dimensional) radius of curvature of the background fields, then the motion of these wave packets is along the geodesics of the 4D-metric G µν . Clearly these trajectories and dispersion relations generically differ for fields which have different metrics in their kinetic terms.
The statement is slightly weaker for massless particles, since the latter move along null geodesics of their respective metrics. Consequently, their trajectories only differ if the two metrics are not conformal to one another. In particular, differences in the trajectories of massless particles are not observable (in the geometric-optics limit) in the absence of a preferred frame in the bulk or on the brane.
III. LOOPS: GENERAL CONSIDERATIONS
We now turn to the general implications for fermions and photons of loop-generated Lorentz-violating effects. Motivated by the considerations of the previous section, we imagine from here on that all brane fields -i.e., all experimentally observed elementary particles except for the graviton -see only the induced metric on the brane, which we take to be flat and Lorentz invariant:
. By contrast, the metric appearing within the kinetic terms of any low-energy bulk fields -which we take to be just the graviton -involves the Lorentz-violating metric of eq. (9). This is the dominant low-energy source of Lorentz violation in the effective theory, and it is the only type of Lorentz violation whose implications we shall follow.
In general, loops involving virtual bulk states communicate the news of Lorentz violation to the brane fields, and our task is to compute the size of this effect. In this section we address general issues which follow purely from the assumption that G µν = diag(−1/c 2 g , 1, 1, 1) encodes all Lorentz-violating effects, and return in later sections to the explicit calculation of these effects from graviton loops.
Since we know from direct bounds that Lorentzviolating bulk effects are small (more about this later), we take c g = 1+ with
1. Because of the very strong constraints already known for c g < 1 [15] our primary interest in what follows is in positive . In view of the direct bounds arising from solar-system and binary-pulsar tests of general relativity we imagine < ∼ 10 −6 § .
A. Photon Propagation
We identify in this section those parts of the gravitoninduced vacuum polarization which have implications for the dispersion relation of transversely-polarized photons.
We first write the most general form for the vacuum polarization which can be built from the tensors η µν ,
)u µ u ν and the momentum 4-vector, P µ , which is consistent with symmetry (Π µν = Π νµ ) and transversality (P µ Π µν = 0). The most general form is:
where at this point A and B are arbitrary functions of the two independent variables, P 2 and P · u. The dispersion relation is found by searching for the zero eigenvalues of the inverse propagator,
In particular, our interest is only in those which are transverse (orthogonal to the pure gauge directions). Working in the rest frame, u µ = (1, 0, 0, 0), and taking the photon momentum to point in the z-direction (i.e., P µ = (ω, 0, 0, p)), we therefore require that ∆ µν = 0 in the directions µ, ν = x, y. A simple calculation using eq. (13) shows that this implies:
Since A is perturbatively small, it suffices to write the dispersion relation as ω = ω 0 + ω 1 , where ω 0 = p, and to evaluate A with ω = ω 0 . This leads to the present section's main result:
As we shall find, A admits an expansion at low energies in powers of P 2 and u · P , leading to the form
§ A weaker bound, < ∼ 10 −3 , is required if only terrestrial bounds, or the gravitational radiation rate of the binary pulsar are used. The stronger limit follows from angular momentum conservation for the Sun, as inferred by requiring the ecliptic and solar equatorial planes not to precess relative to one another throughout the history of the solar system [19, 10, 11] .
where rotational invariance precludes the appearance of odd powers of p. Using this in eq. (15) and comparing the result with the general 4D photon dispersion relation
we readily identify
B. Fermion Propagation
We next ask how loop contributions to fermion selfenergies can modify fermion dispersion relations. We work within the rest frame defined by u µ . Writing the inverse electron propagator as S = S 0 + Σ, with S 0 = −(i/ P + m), we see that to leading order in perturbation theory the zeroes of S satisfy P µ = (E, p), where E = E 0 + E 1 with E 0 = p 2 + m 2 0 and:
For small p, Σ has the expansion
and so eq. (19) implies a dispersion relation of the form
with
In these last three equations the subscript f denotes the fermion species, and the ellipses indicate higher-order contributions.
Since it is the quantities c 2 f and b f which we wish to compare with experiments, the implications of graviton loops may be obtained by computing the coefficients B through E.
IV. LOOPS: GRAVITON CALCULATIONS
In this section we compute the one-loop self energy which is obtained when a fermion or photon emits and reabsorbs a virtual graviton, as in figs. 1 and 2. We present our results in three steps. First, since the integrals involved strongly diverge in the ultraviolet, we make some general remarks about the correct way to treat these divergences before describing the calculations themselves.
We then evaluate the graviton loop in two steps, motivated by the picture that Lorentz violation is arising from field configurations within the extra-dimensional bulk. First we consider loops involving only the lowest KK mode: the massless 4D graviton. These loops have the virtue of only involving known particles and couplings, and so the results we obtain are comparatively robust. They describe the graviton contributions within the effective 4D theory, well below the compactification scale, M c ∼ 1/r, where r is a measure of the linear size of the extra dimensions. In the case of a single noncompact extra dimension, the effective theory is good below the bulk curvature scale −Λ 5 /M 3 5 , where Λ 5 is the bulk cosmological constant and M 5 is the 5-D gravity scale.
Next, we compute the contributions of gravitons in the effective theory between M c and the scale M l > M c associated with the extra-dimensional Lorentz violating physics. Since the theory is extra-dimensional in this energy range, this involves calculating the loop contributions of higher KK graviton modes. In order to do this we make several simplifying assumptions about the nature of the extra-dimensional Lorentz violation, which we believe suffices for the purposes of establishing the order of magnitude of the extra-dimensional result.
A. Ultraviolet Divergences
In d spacetime dimensions the gravitational coupling
, where M d is the ddimensional Planck mass. On dimensional grounds we therefore expect the most divergent contribution to oneloop brane-particle dispersion relations to be
where Λ is the ultraviolet cutoff scale.
As is usual within an effective theory, this indicates that the result is most sensitive to the most energetic degrees of freedom in the problem, suggesting that calculations within the full theory would produce results that are of order c
, where M might be the mass of a heavy particle which was integrated out to produce the low-energy effective theory.
As we shall see, the above mass-dependence is roughly right, although some care is required due to the appearance of power-law divergences [20] . Care is required because, although the renormalization group ensures that the coefficient of large logarithms like log(M ) in observable quantities like c 2 − 1 or b may be read off from the coefficients of log divergences (like log(Λ)) within the effective theory, the same is not true for higher (powerlaw) divergences. As a result in this section we ignore all power divergences, and compute only the log-divergent
Neglecting the power divergences minimizes the Lorentz symmetry violation which is seen by particles on the brane, and so leads to conservative conclusions. It corresponds to considering the theory in which branebound particles respect Lorentz invariance at the energy scale where the theory becomes 4 dimensional. We return in Section V to the issue of contributions which are proportional to positive powers of large mass scales, M , by considering higher loops which explicitly involve more massive virtual particles. We shall there see that naive power-counting estimates do correctly reproduce the M dependence of the results, but miss important dimensionless loop factors.
In practice the finite and log-divergent terms are most easily obtained within dimensional regularization, within which power-law divergences do not arise. We have computed our results both using dimensional regularization and using an explicit ultraviolet cutoff, however, and have verified that the answers obtained are the same in both cases.
B. Four-dimensional Graviton
The Feynman rules for fermions and gravitons in the absence of Lorentz-violating effects are standard, and are obtained by linearizing the Dirac-Einstein-Hilbert action in curved space,
about flat space: g µν = η µν + 2κ 4 h µν . As before κ 4 denotes the rationalized Planck mass in 4D: M 4 ∼ 10
18
GeV. h µν represents the canonically-normalized graviton field. A recent statement of the resulting Feynman rules can be found in references [21, 22] . As we have argued in previous sections, we know that the only Lorentz-violating modification to these rules consists in replacing the Minkowski metric, η µν , with the nonstandard metric, G µν , when linearizing the first term in eq. (26) to obtain the graviton propagator. In de Donder gauge this gives:
where
and ε -not to be confused with = c g − 1 -is the infinitesimal which ensures the propagator satisfies Feynman boundary conditions. The fermion propagators and vertices arise on the brane, and so use only the usual Minkowski metric.
The Photon Vacuum Polarization
h µν X γ Figure 1 . Graviton contribution to photon vacuum polarization.
After Wick rotation, the one-loop Feynman graph in which a virtual graviton is emitted and reabsorbed by the photon ( fig. 1 ) leads to the following expression for the photon vacuum polarization:
Appendix A gives explicit expressions for the vertex functions, V αβ:µν (P, Q). In these expressions all dependence on the metric G µν is explicit, and the brane metric, η µν , is to be used to perform any implicit index contractions, such as in (P − Q) 2 . Evaluating this expression (we used the programs FORM and MATHEMATICA to perform the tensor contractions), Taylor expanding in powers of = c g − 1 and performing the momentum integral gives the following expression for the coefficient function, A, of eq. (13):
, where the first equality is evaluated using an ultraviolet cutoff, Λ, and the second regularizes by continuing the spacetime dimension, n, away from 4. µ is an arbitrary scale. We ignore the finite part of the integral relative to its log-divergent part.
Comparison with the general expressions provided earlier gives the following dispersion coefficients: Figure 2 . Graviton contribution to fermion self-energy.
The Fermion Self-Energy
We proceed in a similar way for the changes to the fermion self energy. Evaluating the one-loop Feynman graph using the graviton propagator of eq. (27) , and Wick-rotating to Euclidean momenta, leads to the following expression for the fermion self energy:
Again all dependence on the metric G µν is explicit, and the brane metric, η µν , is used to perform the implicit index contractions in (P − Q) 2 and / P . To derive this we used the simple vertex function (k 1 +k 2 ) µ γ ν +(k 1 +k 2 ) ν γ µ of ref. [21] for the fermion-fermion-graviton coupling rather than the more complicated one of [22] , which includes an extra term (i/ k 1 + i/ k 2 + 2m)η µν . The neglect of this extra term is justified -even within loop graphs -because it vanishes if the fermion field equations are used. This ensures that it is an irrelevant operator, in the sense that it can be removed by performing a field redefinition of the fermion of the form δψ ∝ h µ µ ψ. We have evaluated this integral to the lowest two orders in the small parameter = c g −1, using the programs FORM/MATHEMATICA to keep track of the various 4-vectors in the problem. We find the following results for the logarithmically-divergent part of the coefficients A through E of eq. (20) 
where as before
These imply the following contributions to the dispersion relation of eq. (21):
For the case of interest, > 0, we see that c 2 f < 1 corresponding to fermions propagating slower than light. It follows that (for a given momentum, p) the fermion energy is depressed compared to the photon energy for small p.
Notice that the coefficients b f and b γ both first arise at O( 2 ), and so their sign (which is negative for both) does not depend on the sign of . Furthermore, these terms satisfy b f > b γ . These terms therefore act to raise the fermion energy relative to the photon, and so act in the opposite direction of the effect of c f < c γ (when > 0).
C. Higher-dimensional Gravitons
We may now estimate the contributions of the higher KK graviton modes to the propagation of brane-based fermions. Rather than doing so by performing a sum over a tower of 4-D KK states, we proceed by directly performing the loop graph using higher-dimensional gravitons.
The first step is to specify what the higher-dimensional metric is about which the graviton fluctuation is to be considered. In principle this should be the metric which describes the gravitational field of the object or objects in the bulk, whose presence gives rise to the preferred frame which violates Lorentz invariance. Since the explicit form for such metrics is rarely known, we proceed by a more approximate route.
Our approximation is based on the observation that higher-dimensional graviton loops are ultraviolet sensitive, with their dominant contributions arising from the circulation of very short-wavelength modes. So long as the wavelength of these modes is much shorter than the radii of curvature of the background Lorentzviolating metric, it should be sufficient to replace the background metric by one which is approximately flat, but Lorentz-violating. In particular, this should be sufficiently accurate for our purposes of estimating the orderof-magnitude of the resulting loop-generated contributions to fermion propagation on the brane. Accordingly we imagine the higher-dimensional graviton to propagate about a flat metric in which there is a preferred frame defined by an approximately constant d-vector, u µ . Such a metric is again described by eq. (9), although with G µν now being d-dimensional.
Linearizing the extra-dimensional Einstein-Hilbert action about this metric -g ab = G ab +2κ d h ab -we find the following d-dimensional graviton propagator in de Donder gauge:
Again ε in this expression is the infinitesimal which enforces Feynman boundary conditions. The quantity κ d is related to the d-dimensional Newton's constant and Planck mass by κ
We take the fermions and photons to move on a 3-brane, for which the induced metric is the usual Minkowski metric.
The Photon Vacuum Polarization
Computing the photon vacuum polarization with this propagator gives no correction to the photon dispersion relation at low energies, if the number of dimensions exceeds the usual four. This can be understood purely in terms of dimensional analysis, and the fact that we are computing only the finite or log-divergent contributions. The one-loop contributions to the photon selfenergy have two graviton vertices, so they are proportional to κ
. Since the log-divergent and finite parts do not involve powers of the cutoff Λ, the only quantity which can be used to make a dimensionally correct answer is the photon momentum, p. Thus the result is proportional to κ 
The Fermion Self-Energy
Evaluating the one-loop fermion self-energy graph using the d-dimensional graviton propagator of eq. (37), and Wick-rotating to Euclidean momenta, leads to the following expression for the fermion self energy:
where N 1 is as given by eq. (34) and
Evaluating the integral in powers of = c g − 1 gives an ultraviolet divergent result. We have evaluated the result using both dimensional regularization and an explicit cutoff, and have verified that the coefficients of the logarithmically-divergent and pole terms are the same in both cases. For odd dimensions the integrals are finite in dimensional regularization, and we have verified that the result agrees with the finite part when evaluated with an ultraviolet cutoff.
We are led in this way to the following expressions for the quantity c Here the quantities λ d are defined in terms of the couplings κ d by:
6(4π) 3 , (41)
15(4π) 4 , λ 10 = 4κ
Notice that the corrections to c 2 f which are implied in this way are not universal in size for all fermions, being suppressed by powers of m f for lighter fermions.
The corresponding higher-order dispersion coefficient, b f , is similarly:
Just as we saw for d = 4, b f always arises at second order in , and so its sign is completely determined in our calculation. As we shall see, the best bound on this coefficient arises when
The above expressions were derived specifically with the scenario of large, flat extra dimensions in mind. However we can also interpret at least the 5D result in terms of a warped extra dimension. This has more interesting consequences than the flat case, where the quantum gravity scale would have to exceed M 5 > ∼ 10 8 GeV in order to comply with sub-millimeter tests of gravity [23] . In the warped case, even if M 5 ∼ M p , the KK gravitons couple to the TeV brane with TeV strength, and they have a mass gap of order TeV. In this model, we live on a "TeV brane" at r = r 1 , displaced from the "Planck brane" at r = r 2 such that r1 r2 ∼ 10 −16 in accordance with solving the hierarchy problem. As far as the contributions from the ultraviolet graviton loops are concerned, this looks like quantum gravity with a scale of M 5 ∼ TeV. The TeV mass gap protects low energy gravity from any observable distortion, but not so the loop effects from momenta p TeV.
V. REAL-WORLD COMPLICATIONS
A further step is required before these results can be compared with the experimental limits on the dispersion relations of real particles. This step involves identifying which low-energy particles produce the largest contributions to any given dispersion relation. * * There are two reasons why this additional step is required. First, we would like to apply the above calculations to protons, for which the experimental limits are the strongest. Unfortunately, our calculations treat all fermions as elementary, and so can only apply directly to the proton for scales below roughly m p ∼ 1 GeV. (Notice these low energies may nonetheless be described by an extra-dimensional effective theory within ADD-type scenarios.) For higher energies, we must apply our calculations to the constituent quarks and gluons, and infer from these how the proton dispersion is affected. Unfortunately, the resulting strong-interaction uncertainties prohibit us from following in more detail the O(1) factors and signs of the results, limiting us to an order-ofmagnitude analysis for the proton.
The second reason for being careful in applying our results is the strong dependence which they have on the relevant fermion masses. In particular, it may be that larger contributions are obtained for light particles (like electrons and photons) by embedding the graviton-induced Lorentz-violating contributions of heavier particles (like top quarks) within additional loops. This is how we will recover the larger contributions that might have naively * * We thank M. Pospelov for making many very useful suggestions for this and the next sections.
been obtained by keeping the power divergences of the graviton loop graphs.
A. Photons
Our result for the photon dispersion relation is particularly simple, with c γ = 1 for all d, and b γ = 0 only for d = 4. This simplicity is largely due to our concentrating on the finite and log-divergent contributions, however, which suggests that larger contributions may be found at the (comparatively cheap) expense of introducing additional loops.
For instance, at two loops the photon vacuum polarization acquires contributions by inserting a Lorentzviolating graviton self-energy within a charged-fermion loop ( fig. 3) . Assuming all charged fermions to be branebound, and so 4-dimensional, we estimate the following results for the photon: 
with m t being used for the fermion mass. The sign of b γ and c 2 γ − 1 are not determined by these estimates (although they are certainly calculable within a more careful evaluation of Fig. (3) . 
B. Electrons
The next-cleanest application of the above analysis is to electrons, since so far as we know these are elementary and so our earlier results may be directly applied. Again taking the conservative estimate log(Λ 2 /µ 2 ) ∼ 1, we find that the direct graviton-loop contribution to the electron dispersion relation is
where d counts the number of spacetime dimensions seen by the graviton within the effective theory at scales µ < Λ ∼ 1 TeV. This should be compared with the result of inserting more massive particles into higher loops. For instance, a loop with a W boson and neutrino, with the graviton coupling to the W ( fig. 4) gives the alternative contribution
, using m w = 80 GeV, and log(Λ 2 /mu 2 ) = 1. This last contribution (for d ≥ 4) is always larger than the direct one, eq. (47) The higher-loop result can also provide a larger estimate for b e , to wit:
) . (51)
This dominates the direct one-loop result for all
d ≥ 5, because (m e /m w ) d−4 ∼ (6 × 10 −6 ) d−4 (α w /4π) ∼ 3 × 10
C. Protons
The direct calculation of section III applies directly for the proton only within the effective theory below a GeV, because it is only within this theory that the proton may be considered to be elementary. For higher scales the relevant degrees of freedom are quarks and gluons, for which we must estimate the size of Lorentz-violating effects.
The Lorentz-violating gluon and quark contributions may be estimated using our photon and electron results, eqs. (43) and (48), giving:
where α s is the QCD coupling, which we take to be 0.119. From this we estimate the proton result to be
The loop contributions to b p can also dominate for large numbers of dimensions, but not for d = 4. We have the higher-loop contribution
By contrast, for d = 4 it is the direct one-loop result which dominates. In this case we have a result for fermions which is largely insensitive to the fermion mass:
= −2 × 10
For low-energy gravitons in the effective theory below the proton mass, the proton may be considered to be elementary and eq. (54) can be directly applied to the proton itself. For higher-energy gravitons, eq. (54) would instead be applied to the light quarks, and the result for the proton would be obtained by taking the matrix element for the resulting effective quark operator, such as
within the proton. On dimensional grounds this would produce the same result as eq. (54), but potentially with a different numerical coefficient. For concreteness, when comparing with the observables we use eq. (54) including the numerical factor obtained for an elementary proton.
Notice that the above estimates suggest that so long as higher-loop contributions dominate, a hierarchy is to be expected: |c
The same would not be expected to apply for |b p |, |b γ | and |b e | when d = 4, however.
VI. EXPERIMENTAL CONSTRAINTS
We now turn to the experimental constraints which can be imposed on the quantities c 2 − 1 and b. Because we are interested in order-of-magnitude bounds, we derive constraints on each of these quantities as if they had arisen in the absence of the other. That is, we consider bounds on c 2 − 1 while taking b = 0 and vice versa. This is justified unless there is an unnatural cancellation between the contributions of these quantities to physical observables.
A. Existing Bounds on
Good bounds exist on a difference between the propagation speeds of fermions and photons. Among those which do not depend on the sign of c f − c γ are [9] :
In the second bound c denotes a particular combination of the Lorentz-violating couplings in flavor space, whose details are not important in what follows.
Although these bounds apply to both signs of c 2 − c 2 γ , they are also subject to specific assumptions which need not apply to our calculation. For instance the µ → eγ bound assumes the existence of Lorentz-violating terms which also violate lepton number, while the bounds involving neutral kaons require strangeness violation in addition to Lorentz-violation. Since the loops which would produce both type of flavor-symmetry violations from Lorentz-violation in the graviton sector are further suppressed by masses and mixing angles, we do not consider these bounds further.
The bounds from atomic spectroscopy are usually derived under the assumption that all matter particles share the same maximum propagation speed which differs from that of the photon -i.e., c f = c γ is independent of f . Nevertheless these bounds are likely also to apply if c f differs for electrons and nucleons. Although we use the bound of ref. [9] in what follows, we regard a more careful analysis of constraints which are implied by these experiments to be worth pursuing.
If we apply these bounds directly to protons, we find |c 
This is stronger than the direct bound < 10 −6 † † only if
The bound so obtained is not useful for d = 4. With extra dimensional gravitons the bound becomes useful only when M d is very small. It is only of borderline interest for the ADD scenario, for which d = 6 but M 6 > 50 TeV is required from stellar-cooling bounds [24] . (We do not quote here the stronger limits coming from the nonobservance of gamma-ray decay products [25] , or which † † Using the weaker bound < 10 −3 makes the limits for M d larger by a factor of 10 3/(d−2) .
apply for supersymmetric models [26] , because these may be evaded depending on model-dependent details.) The bound is competitive, however, for the warped 5D model described below eq. (42), where M 5 is effectively the TeV scale. We next consider constraints from high-energy cosmic rays, typically protons or photons. Their observation precludes the existence of processes which would tooefficiently deplete the energy of these particles. Since the particles involved are at higher energies, these processes are more sensitive to the higher-momentum coefficients, b f , b γ , than are low-energy laboratory limits.
Lorentz-violation can introduce dangerous processes by allowing decays in vacuum of the form p → pγ or γ → e + e − or γ → pp. Such decays are precluded by energy and momentum conservation in Lorentz-invariant systems, but are allowed given Lorentz-violating dispersion relations. For instance, the process p → pγ becomes allowed if the dispersion relation raises the energy of the proton at a given momentum more than it does for the photon. Similarly, the process γ → e + e − can occur if the photon energy is raised more than the electron's at a given momentum.
As applied to changes in the maximum propagation speed, the resulting bounds are therefore one-sided, in the sense that they are only relevant for one sign of c p − c γ or c γ − c e . For protons the strong one-sided bound obtained from p → pγ requires c p > c γ . Similarly, for γ → e + e − or γ → pp, c e < c γ and c p < c γ are required to use the one-sided bound.
Keeping in mind that our estimates of the previous sections imply |δc 
In order of magnitude, these bounds are obtained by demanding that |c
where m f is the relevant fermion mass, E is the energy of the observed cosmic ray, and the bound only applies to the appropriate sign of c 2 f − c 2 γ . The bound from γ → f f is weaker than that from p → pγ because the most energetic cosmic ray proton has E ∼ 10 8 TeV, while the most energetic observed gamma ray has E ∼ 50 TeV.
A similar bound also applies to the parameter b f , which controls the dispersive part of the dispersion relation, eq. 
This is an improvement over < 10 To apply the bound to d = 4 we instead use the oneloop result, for which the numerical factors and sign are known from our previous calculation (provided that the high-energy quark contribution does not dominate that for the low-energy proton, as discussed above). Although b p which is obtained is negative, the bound nonetheless applies because for d = 4 we know that b γ is also negative, with b f > b γ (c.f. eqs. (44) and (54)).
‡ ‡ We find
(62) ‡ ‡ In fact, at the energies under consideration the graviton should resolve the proton as a number of partons, each carrying a small momentum fraction x 1. Since the importance of the dispersive term grows with momentum as p 2 , there will be a suppression ∼ x 2 av . Hence, compared to the photon, the effective b for the proton may be close to zero. which, using M 4 = 2× 10
18 GeV, implies < 7 × 10 −4 -a result which is competitive with the terrestrial bound, < 10 −3 , when > 0, but is not as good as the bound < ∼ 10 −6 obtained from the conservation of angular momentum of the sun (see the footnote on page 5).
bp < bγ
If b p < b γ , then the best bound comes from the process γ → pp, which does not give a bound even as good as < 10 −3 for any d given the constraint M d > 1 TeV.
C. be < bγ
The bound when b e < b γ is not strong enough to be interesting for d = 4, so we consider only higher dimensions. Since the order-of-magnitude result for the electron has |b e | ∼ |b γ | we have
and so, if b γ − b e > 0 the bound becomes:
For M d > 1 TeV this is never better than < 10 −6 , but it represents progress relative to < 10 
which is only of interest for 5D warped scenarios.
D. Direct Bounds on bγ
The observation of cosmologically distant gamma rays from gamma-ray bursters can provide a bound on |b γ | which is similar in strength to the one just obtained, but applies equally well to both signs of the result. Ref. [27] argues that the absence of dispersion in these signals provides a sensitivity to changes in the photon dispersion which can be as small as
which would correspond to
on the absence of too-efficient energy-loss mechanisms for the highest energy cosmic rays (which we take to be protons), and the decay channel p → pγ is only open if b p > b γ . Strikingly, purely 4-dimensional graviton loops can give contributions with the right sign, and which are large enough to produce bounds which are of order < 7 × 10 −4 . This makes them comparable with those from obtained from terrestrial experiments and the binary pulsar.
Perhaps our most surprising result is that, in some regimes, graviton loops are already being constrained by observational data. This is yet another striking way in which the brane-world picture can run against pre-braneworld intuition. 
> 0 ensures that both results in this case are positive.
